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Abstract
In this paper, we use the frequency multiplier method to provide a simple proof of an exponential stabilization
result, obtained in [B. Chentouf. Dynamic boundary controls of a rotating body-beam system with time-varying
angular velocity, J. Appl. Math. 2 (2004) 107–126], for a rotating body-beam system with a control torque applied
on the rigid body and either a dynamic boundary control moment or a dynamic boundary control force or both of
them applied at the free end of the beam.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction and backgrounds
The purpose of this paper is to investigate the stabilization of a flexible beam attached to the center
of a rotating disk. The system is governed by the Euler–Bernoulli equation nonlinearly coupled with the
angular momentum equation of the disk:
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
ρytt(x, t) + E I yxxxx(x, t) = ρω2(t)y(x, t), (x, t) ∈ (0, l) × (0,∞),
y(0, t) = yx(0, t) = 0, t > 0,
E I yxxx(l, t) = α1Θ1(t), t > 0,
−E I yxx(l, t) = α2Θ2(t), t > 0,
d
dt
{
ω(t)
(
Id + ρ
∫ l
0
y2(x, t)dx
)}
= T (t), t > 0.
(1.1)
Here y is the beam’s displacement, ω is the angular velocity of the disk, and the positive constants
l, E I, ρ and Id are respectively the length of the beam, the flexural rigidity, the mass per unit length of
the beam, and the disk’s moment of inertia. In addition, α1 and α2 are nonnegative constant feedback
gains such that α1+α2 = 0, andΘ1(t),Θ2(t) are respectively the dynamic control force and the dynamic
control moment, while T (t) is the control torque. For more details about the model, the reader is referred
to [2].
Provided that αi = 0 for i = 1, 2, the feedback controls are:

Θi (t) = cTi wi(t) + diui (t), i = 1, 2
w˙i (t) = Aiwi (t) + biui(t), i = 1, 2
T (t) = −γ (ω(t) − ω∗), with ω∗ ∈ R,
(1.2)
where γ is a positive constant, wi ∈ Rni is the actuator state, Ai ∈ Rni×ni is a constant matrix,
bi , ci ∈ Rni are constant vectors, di ∈ R is a constant and the input ui (t) is defined as
u1(t) = yt(l, t), u2(t) = yxt(l, t), t ∈ R+. (1.3)
We point out that αi = 0 in (1.1) means that the corresponding boundary controlΘi(t) is not applied and
therefore the corresponding controller, given by the ordinary differential equations in (1.2), disappears.
In return, as long as αi = 0, for i = 1, 2, we assume that:
H.I: All eigenvalues of the matrix Ai are in the open left-half plane.
H.II: The triplet (Ai , bi , ci ) is both observable and controllable.
H.III: di ≥ 0 and there exists a constant γi such that di ≥ γi ≥ 0. If di > 0, we assume γi > 0 as well.
Furthermore, the transfer function Gi(s) = di + cTi (s I − Ai)−1bi satisfiesRe{Gi(iµ)} > γi , ∀µ ∈ R.
From the Kalman–Yakubovich Lemma [10], it follows that given any symmetric positive definite
matrix Qi ∈ Rni×ni , there exists a symmetric positive definite matrix Pi ∈ Rni×ni and a vector qi ∈ Rni
such that for i > 0 sufficiently small:
ATi Pi + Pi Ai = −qiqTi − i Qi , Pibi −
ci
2
= √di − γiqi . (1.4)
The stabilization of (1.1) has been the subject of many works (see [3] and the references therein).
Under the hypotheses H.I–H.III, Chentouf [3] showed that for any desired angular velocity ω∗ smaller
than a critical one, the beam vibrations are forced to decay exponentially to zero and the disk rotates with
an angular velocity equals to |ω∗|. To prove this result, the author mainly used the Ingham inequality and
the frequency domain method. Consequently, the calculations were lengthy and tedious.
The main contribution of this paper is to provide an alternative proof of Chentouf’s result [3] by
using a new version of the frequency domain method introduced in [6] and called in literature the
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frequency multiplier method. Finally, numerical applications are conducted to show the existence of a
critical angular velocity above which the global system (1.1)–(1.3) becomes unstable.
2. Main results
Assuming that |ω∗| < 1l2
√
12E I/ρ, the Hilbert space
X = H 20 × L2(0, l) × Rn1 × Rn2 ×R = H× R,
is equipped with the inner product
〈(y, z, w1, w2, ω), (y˜, z˜, w˜1, w˜2, ω˜)〉 =
∫ l
0
(E I yxx y˜xx − ρω2∗y y˜ + ρzz˜)dx
+ 2
i=2∑
i=1
αi w˜
T
i Piwi + ωω˜,
where H n0 = { f ∈ H n(0, l); f (0) = fx(0) = 0} for n = 2, 3, . . .. Note that the Hilbert space H 20 is
equipped with the norm
‖y‖2∗ =
∫ l
0
(E I y2xx − ρω2∗y2)dx . (2.1)
Let φ = (y, yt, w1, w2) and define an unbounded linear operator Aα1,α2 on H and a nonlinear operator
B on X = H× R as follows:
D(Aα1,α2) = {φ = (y, z, w1, w2) ∈ H 40 × H 20 ×Rn1 × Rn2;
−E I yxxx(l) + α1[cT1 w1 + d1z(l)] = 0; E I yxx(l) + α2[cT2 w2 + d2zx(l)] = 0},
Aα1,α2φ =
(
z,− E I
ρ
yxxxx + ω2∗y, A1w1 + b1z(l), A2w2 + b2zx(l)
)
; (2.2)
and
B(φ, ω) =
(
0, (ω2 − ω2∗)y, 0, 0,
−γ (ω − ω∗) − 2ρ ω〈y, z〉L2(0,l)
Id + ρ‖y‖2L2(0,l)
)
. (2.3)
To the closed loop system (1.1)–(1.3), we associate the abstract equation:(
φ(t)
ω(t)
)
t
=
[(
Aα1,α2 0
0 0
)
+ B
](
φ(t)
ω(t)
)
. (2.4)
We have the following result, the proof of which can be found in [3].
Lemma 1. Assume that |ω∗| < 1l2
√
12E I/ρ. Then:
(i) The linear operator Aα1,α2 , defined by (2.2), generates a C0 semigroup of contractions S(t) on
H = D(Aα1,α2).
(ii) (Aα1,α2)−1 ∈ L(H) is a compact operator and the spectrum of Aα1,α2 consists of only isolated
eigenvalues with finite multiplicity.
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(iii) For any initial dataΦ0 ∈ X , the closed loop system (2.4) has a unique mild global bounded solution
Φ(t) = (φ(t), ω(t)) ∈ X . In return, if Φ0 ∈ D(Aα1,α2) × R, there exits a unique classical global
solution Φ(t) ∈ D(Aα1,α2) × R.
2.1. Uniform stability of the semigroup S(t)
In this subsection, we shall prove that the semigroup S(t) generated by the operator Aα1,α2 is
exponentially stable in H. To do so, we use the well-known Huang result:
Theorem 1 ([4]). A strongly continuous semigroup of contractions et A on a Hilbert space H is
exponentially stable if and only if sup{‖(iµI − A)−1‖L(H);µ ∈ R} < ∞ and {iµ;µ ∈ R} ⊂ ρ(A).
Our first result is:
Theorem 2. Assume that |ω∗| < 1l2
√
12E I/ρ and di > 0 if αi > 0 for i = 1, 2. Then, {iµ;µ ∈ R} ⊂
ρ(Aα1,α2).
Proof of Theorem 2. We argue one by one for three cases.
Case 1. α1 = 0 and α2 > 0.
This implies that yxxx(l) = 0, w1 is omitted in the state variable φ and d2, γ2 > 0 by means of the
assumption of Theorem 2 and hypothesis H.III.
Suppose there is a nonzero µ ∈ R such that iµ ∈ σ(A0,α2), that is, there exists φ0 = (y, z, w2) ∈
D(A0,α2) with ‖φ0‖H = 1 such that A0,α2φ0 = iµφ0. Using (2.2), it follows that

yxxxx − ρE I (µ
2 + ω2∗)y = 0,
y(0) = yx(0) = yxxx(l) = 0
E I yxx(l) + iµα2G2(iµ) yx(l) = 0,
w2 = iµ(iµI − A2)−1b2 yx(l),
z = iµy,
(2.5)
where G2(·) is given in H.III. Let φ(t) = eiµtφ0. Clearly, ddt (‖φ(t)‖2H) = 0, and thus
〈A0,α2φ(t), φ(t)〉H = −α2
(√
d2 − γ2zx(l, t) − w2(t)T q2
)2 − α2γ2z2x(l, t)
−α22w2(t)T Q2w2(t) = 0.
This, together with H.III, (1.4) and (2.5), implies that w2 = 0, yx(l) = 0 and hence y is solution of the
following system:
yxxxx − σ 4 y = 0, (2.6)
y(0) = yx(0) = 0, (2.7)
yxxx(l) = yxx(l) = 0, (2.8)
yx(l) = 0, (2.9)
where σ 4 = ρE I (µ2 + ω2∗). The general solution of (2.6) and (2.7) is
y = C1(cosh σ x − cos σ x) + C2(sinh σ x − sin σ x), (2.10)
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where C1 and C2 are to be determined from (2.8), that is,(
sinh σ − sin σ coshσ + cos σ
cosh σ + cos σ sinh σ + sin σ
)(
C1
C2
)
=
(
0
0
)
. (2.11)
Using (2.10) and (2.9) yields C1(sinh σ +sin σ)+C2(cosh σ −cos σ) = 0. Combining this last equation
with system (2.11), one can verify that C1 = C2 = 0, and therefore y = 0. This, because of w2 = 0 and
(2.5), implies that φ0 ≡ 0, which contradicts the fact that ‖φ0‖H = 1. Thus the operator A0,α2 has no
purely imaginary eigenvalues.
Case 2. α1 > 0 and α2 = 0.
This implies that yxx(l) = 0, w2 is omitted in the state variable φ and d1, γ1 > 0. Using the same
argument as in the previous case, one can deduce the desired result.
Case 3. α1α2 > 0.
The proof of Theorem 2, in this case, is a consequence of Case 1 or 2. 
Remark 1. Obviously, from Lemma 1 and Theorem 2, it follows that the semigroup S(t) generated by
the operator Aα1,α2 is strongly stable. Note that this result has been obtained in [9] (respectively [3])
by applying LaSalle’s invariance principle for infinite dimensional systems and using the method of
separation of variables (respectively Ingham inequality). Our approach is simple and direct.
The second result is:
Theorem 3. Assume that |ω∗| < 1l2
√
12E I/ρ and di > 0 if αi > 0 for i = 1, 2. Then,
sup{‖(iµI − Aα1,α2)−1‖L(H);µ ∈ R} < ∞.
Proof of Theorem 3. Let us consider two cases: α1 = 0 and α1 = 0.
First, for α1 = 0 (the force control is present in (1.1)), Theorem 3 follows from the exponential
stability of the semigroup S(t) generated by the operator Aα1,α2 established in [9, Theorem 1] by means
of the multiplier method.
Second, if α1 = 0 (only the moment control is applied), then yxxx(l) = 0, w1 is omitted in the state
variable φ and d2, γ2 > 0. The proof, in this case, is inspired by the work of [6] (see also [7,8] and [1]).
Hereafter, ‖√ρy‖L2(0,l) is denoted by ‖y‖ and H 20 is equipped with the norm defined in (2.1).
Suppose that sup{‖(iµI − A0,α2)−1‖L(H);µ ∈ R} = ∞. Therefore, there exists a sequence of real
numbers µn → ∞ and a sequence of elements φn = (yn, zn, wn2 ) ∈ D(A0,α2) with
‖φn‖H = ‖yn‖∗ + ‖zn‖ + |wn2 |Cn2 = 1, (2.12)
such that
‖(iµn I − A0,α2)φn‖H −→ 0, as n → ∞, (2.13)
that is, as n → ∞,
f n := iµn yn − zn −→ 0, in H 20 ; (2.14)
gn := iµnzn + E I
ρ
ynxxxx − ω2∗yn −→ 0, in L2(0, l); (2.15)
ξn := (iµn I − A2)wn2 − b2znx(l) −→ 0, in Cn2; (2.16)
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and {
yn(0) = ynx (0) = ynxxx(l) = 0,
E I ynxx(l) + α2[cT2 wn2 + d2znx(l)] = 0. (2.17)
Using (2.12) and (2.14), one can claim that ‖yn‖∗ and ‖zn‖ = ‖µn yn‖ are uniformly bounded, i.e., there
exist constants C1, C2 > 0 such that
‖yn‖∗ < C1, ‖zn‖ = ‖µn yn‖ < C2. (2.18)
One can check that
‖(iµn I − A0,α2)φn‖H ≥ α2
[∣∣∣√d2 − γ2znx(l) − wnT2 q2∣∣∣2 + γ2|znx(l)|2 + 2|wnT2 Q2wnT2 |
]
,
which, together with (2.13), implies that
|znx(l)| −→ 0 in C, |wn2 | −→ 0 in Cn2, as n → ∞. (2.19)
By the trace theorem, it follows from (2.14) and (2.19) that
|µn ynx (l)| −→ 0, in C, as n → ∞. (2.20)
Moreover, (2.17) and (2.19) give
|ynxx(l)| −→ 0 in C, as n → ∞. (2.21)
Furthermore, we have√
µ2n + ω2∗|yn(l)| −→ 0 in C, as n → ∞. (2.22)
For the sake of clarity, the proof of (2.22) is postponed until the Appendix.
Combining now (2.14) and (2.15), we get
E I ynxxxx − ρ(ω2∗ + µ2n)yn = ρ(iµn f n + gn). (2.23)
First, we multiply (2.23) by x ynx and integrate by parts twice. Then, using (2.17) yields
−E I l|ynxx(l)|2 − 2E I ynx (l)ynxx(l) − ρl
∣∣∣∣√µ2n + ω2∗yn(l)
∣∣∣∣2 + 3E I
∫ l
0
|ynxx |2dx
+ρ
∫ l
0
∣∣∣∣√µ2n + ω2∗yn
∣∣∣∣2 dx = 2ρ
∫ l
0
(iµn f n + gn)x ynx dx . (2.24)
Consider the right-hand side of (2.24). Using the Hölder inequality for the term ∫ l0 gnx ynx dx and
integrating by parts for the other one, we can show the existence of positive constants C3, C4 and C5
such that∣∣∣∣2ρ
∫ l
0
(iµn f n + gn) x ynx dx
∣∣∣∣ ≤ C3‖gn‖‖yn‖∗ + ‖ f n‖∗(C4|µn yn(l)| + C5‖µn yn‖), (2.25)
which, together with (2.14), (2.15) and (2.18) and (2.22), implies that∣∣∣∣2ρ
∫ l
0
(iµn f n + gn)x ynx dx
∣∣∣∣ −→ 0 in C, as n → ∞. (2.26)
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Fig. 1. Spectrum: l = E I = α1 = α2 = 1, ρ = 3, ω∗ = 2.05.
Inserting (2.20)–(2.22) and (2.26) into (2.24), and then using (2.19), we obtain:
‖yn‖∗ −→ 0, ‖zn‖ = ‖µn yn‖ −→ 0, and |wn2 |Cn2 −→ 0, as n → ∞,
which contradicts (2.12). The proof of Theorem 3 is complete. 
Theorems 1–3 lead us to the following result:
Theorem 4. If |ω∗| < 1l2
√
12E I/ρ and di > 0 when αi > 0, for i = 1, 2, then the semigroup S(t)
generated by the operator Aα1,α2 is exponentially stable in H.
The proof of the following main result is a direct consequence of Theorem 4 (see [5] or [11]):
Corollary 1. Assume that di > 0 whenever the feedback gain αi > 0, for i = 1, 2. Then, for each desired
angular velocity ω∗ satisfying |ω∗| < 1l2
√
12E I/ρ and for each initial data Φ0 ∈ D(Aα1,α2) × R, the
solution Φ(t) = (φ(t), ω(t)) of (2.4) exponentially tends to the equilibrium point (0H, ω∗) in X as
t → ∞.
3. Numerical results
Let us consider a finite element method for the subsystem{
φt(t) = Aα1,α2φ(t),
φ(0) = φ0, (3.1)
with static feedback, involving segmentation of the interval [0, 1] (l = 1) into n sub-intervals of equal
length h = 1/n. As there are n nodes, we seek a solution yi and ∂yi which represent the values of y and
yx at each node. Using the cubic Hermite functions{
N1(ξ) = ξ2(ξ − 1), N2(ξ) = ξ(ξ − 1)2,
N3(ξ) = ξ2(3 − 2ξ), N4(ξ) = (ξ − 1)2(2ξ + 1),
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Fig. 2. Spectrum: l = E I = α1 = α2 = 1, ρ = 3, ω∗ = 2.1.
for 0 ≤ ξ ≤ 1, one can obtain the following ordinary differential equation:
M
d2Y
dt2
+ B dY
dt
+ AY = 0, (3.2)
where Y = (y1 · · · yn ∂y1 · · · ∂yn)T . The mass matrix M = (mi j )1≤i, j≤2 is given by
m11 = h


26
35
9
70
0 · · · 0
9
70
. . .
. . .
. . .
...
0 . . . . . . . . . 0
...
. . .
. . .
26
35
9
70
0 · · · 0 9
70
13
35


, m12 = m21 = h2


0
−13
420
0 · · · 0
13
420
. . .
. . .
. . .
...
0 . . . . . . . . . 0
...
. . .
. . . 0
−13
420
0 · · · 0 13
420
−11
210


,
m22 = h3


2
105
−1
140
0 · · · 0
−1
140
. . .
. . .
. . .
...
0 . . . . . . . . . 0
...
. . .
. . .
2
105
−1
140
0 · · · 0 −1
140
1
105


.
B. Chentouf / Applied Mathematics Letters 19 (2006) 97–107 105
Fig. 3. Spectrum: l = E I = α1 = α2 = 1, ρ = 3, ω∗ = 2.3.
Fig. 4. Spectrum: l = E I = α1 = α2 = 1, ρ = 3, ω∗ = 2.5.
Furthermore, the stiffness matrix A is given by A = E I
ρ
A0 −ω2∗M , where the matrix A0 = (ai j )1≤i, j≤2
is given by
a11 = 1h3


24 −12 0 · · · 0
−12 . . . . . . . . . ...
0 . . . . . . . . . 0
...
. . .
. . . 24 −12
0 · · · 0 −12 12

 , a22 =
1
h


8 2 0 · · · 0
2 . . . . . . . . .
...
0 . . . . . . . . . 0
...
. . .
. . . 8 2
0 · · · 0 2 4

 ,
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and
a12 = a21 = 1h2


0 6 0 · · · 0
−6 . . . . . . . . . ...
0 . . . . . . . . . 0
...
. . .
. . . 0 6
0 · · · 0 −6 −6

 .
Finally, the coefficients of the matrix B are given as follows:
B(n, n) = E I
ρ
α1; B(2n, 2n) = E I
ρ
α2; B(i, j) = 0, elsewhere.
Let Z = Yt . Then, Eq. (3.2) becomes(
Y
Z
)
t
=
(
0 IR2n
−M−1 A −M−1 B
)
︸ ︷︷ ︸
H
(
Y
Z
)
.
Obviously, the spectrum of the matrix H is an approximation of that of the subsystem (3.1). Using MAT-
LAB programs with n = 20, it has been noticed that, when |ω∗| > 1l2
√
12E I/ρ, the subsystem (3.1) has
at least one eigenvalue in the right-half plane (see Figs. 1–4). Indeed, the more |ω∗| increases, for |ω∗| >
1
l2
√
12E I/ρ, the more the eigenvalue with positive real part moves towards the right. Hence, there exists,
at least numerically, a critical angular velocity ωcrit above which the system becomes unstable.
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Appendix
Proof of (2.22). Let ξn = (µ2n +ω2∗)1/4. Multiplying (2.23) by 1ξn ecξn(x−l), where c is a positive constant
to be determined later, integrating by parts four times and using (2.17), we obtain:
(c4 − ρ/E I )ξ3n
∫ l
0
ynecξn(x−l)dx − e
−cξnl
ξn
ynxxx(0) − cynxx(l) + cynxx(0)e−cξnl
+ c2ξn ynx (l) − c3ξ2n yn(l) =
ρ
E I ξn
∫ l
0
(iµn f n + gn)ecξn(x−l)dx . (3.3)
Clearly,
ρ
E I ξn
∣∣∣∣
∫ l
0
ecξn(x−l)gndx
∣∣∣∣ ≤ K1ξn ‖gn‖ −→ 0, as n → ∞, (3.4)
iρµn
E I ξn
∣∣∣∣
∫ l
0
ecξn(x−l) f ndx
∣∣∣∣ ≤ K2‖ f n‖∗ −→ 0, as n → ∞, (3.5)
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where K1 and K2 are two positive constants. Furthermore, (2.15) yields
ynxx(0) =
ρ
E I
∫ l
0
x(−iµn zn + gn + ω2∗yn)dx + ynxx(l),
ynxxx(0) =
−ρ
E I
∫ l
0
(−iµn zn + gn + ω2∗yn)dx,
which lead us to
e−cξnl |ynxx(0)| ≤ K3(e−cξnl‖yn‖∗ + e−cξnl‖gn‖ + e−cξnl |µn|‖zn‖) + e−cξnl |ynxx(l)|,
e−cξnl
ξn
|ynxxx(0)| ≤ K4
(
e−cξnl
ξn
‖yn‖∗ + e
−cξnl
ξn
‖gn‖ + e
−cξnl |µn|
ξn
‖zn‖
)
,
where K3 and K4 are two positive constants. Now, using (2.15), (2.21) and the fact that ‖yn‖, ‖zn‖ are
bounded (see (2.18)), the last estimates give
e−cξnl |ynxx(0)| −→ 0,
e−cξnl
ξn
|ynxxx(0)| −→ 0, as n → ∞. (3.6)
Finally, inserting (2.20) and (2.21) and (3.4)–(3.6) into (3.3) and taking c4 = ρE I , it follows that
ξ2n |yn(l)| =
√
µ2n + ω2∗|yn(l)| −→ 0 in C, as n → ∞.
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